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Abstract
Our main result is that the following cardinal arithmetic assumption, which is a slight weakening of GCH, “2κ is a finite
successor of κ for every cardinal κ”, implies that in any countably tight compactum X there is a discrete subspace D with |D| = |X |.
This yields a (consistent) confirmation of Alan Dow’s Conjecture 2 from [A. Dow, Closures of discrete sets in compact spaces,
Studia Math. Sci. Hung. 42 (2005) 227–234].
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1. Introduction
In this paper compactum will mean an infinite compact Hausdorff space. Our terminology and notation are standard,
as in [3] or [7]. Missing in both is the cardinal function g(X) defined as the supremum of cardinalities of closures
of discrete subspaces of a space X ; this was introduced in [1]. It was also asked there if |X | = g(X) holds for every
compactum X . Much later, at a meeting in Budapest in 2003, Archangelskiıˇ also asked the following (slightly) stronger
question: Does every compactum X contain a discrete subspace D with |D| = |X |? (If, following the notation of [7],
we denote by ĝ(X) the smallest cardinal κ such that for every discrete D ⊂ X we have |D| < κ then this latter
question asks if ĝ(X) = |X |+ for every compactum X .)
It was noted by K. Kunen that the answer to the second question is “no” if there is an inaccessible cardinal, because
for every non-weakly compact inaccessible cardinal λ there is even an ordered compactum X with ĝ(X) = |X | = λ.
Moreover Dow in [2] gave, with the help of a forcing argument, a consistent counterexample to the first question. It
remains open if there are ZFC counterexamples to either question.
On the other hand, Dow proved in [2] the following positive ZFC results for countably tight compacta. (Recall that
a space is called countably tight if whenever a point is in the closure of a set then it is in the closure of a countable
subset.)
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Proposition 1.1 (Dow). Let X be a countably tight compactum. Then
(i) |X | ≤ g(X)ω;
(ii) if |X | ≤ ℵω then ĝ(X) = |X |+.
Dow also formulated the following conjecture in [2]: For every such X we do have ĝ(X) = |X |+. In what follows
we shall confirm this conjecture under a slight weakening of GCH, namely the assumption that for any cardinal κ the
power 2κ is a finite successor of κ ; or equivalently: every limit cardinal is strong limit.
We shall also give a new proof of 1.1(i) that is much simpler than the one given in [2]. This will also make our
paper essentially self-contained.
It is trivial that for any space X we have s(X) ≤ g(X) (and ŝ(X) ≤ ĝ(X)), however the following stronger
inequvality, which we shall use later, is also true: h(X) ≤ g(X) (and ĥ(X) ≤ ĝ(X)). This is so because for any right
separated (or equivalently: scattered) space Y the set I (Y ) of all isolated points of Y , that is clearly discrete, is dense
in Y .
2. The results
We start by giving a new, simpler proof of 1.1(i).
Proof of 1.1(i). Let X be a countably tight compactum and M be a countably closed elementary submodel of H (ϑ)
for a large enough regular cardinal ϑ with X ∈ M , g(X) ⊂ M and |M| = g(X)ω.
First we show that X∩M is compact. Indeed, if D is any countable discrete subspace of X∩M then D ∈ M because
M is countably closed, hence D ∈ M and so g(X) ⊂ M implies D ⊂ M . As X is countably tight, it follows that the
X-closure of any discrete subspace of X ∩ M is contained in X ∩ M , hence the subspace X ∩ M has the property that
the closure of any discrete subspace of it is compact. But then it is well-known (see e.g. [10]) that X ∩ M is compact.
Next we show that X = X ∩ M; this will clearly complete the proof. Assume, indirectly, that x ∈ X \ M . By
2.10(a) of [7] we have ψ(X) ≤ h(X) ≤ g(X), hence again by g(X) ⊂ M there is for each point y ∈ X ∩ M a local
ψ-base Uy ⊂ M . Pick for each y ∈ X ∩ M an element Uy ∈ Uy ⊂ M with x ∈ Uy . Since X ∩ M is compact, from
the open cover {Uy : y ∈ X ∩ M} of X ∩ M we may select a finite subcover U = {Uy1, . . . ,Uyn }. But then U ∈ M
and x ∈ ∪ U , a contradiction. 
Before giving our main result we shall prove two lemmas that may turn out to have independent interest. Both
lemmas say something about T3 spaces.
Lemma 2.1. Let X be a countably compact T3 space and λ be a strong limit cardinal of countable cofinality such that
πχ(X) < λ, moreover |G| ≥ λ for each (non-empty) open subset G of X. Then we actually have ĝ(X) > λω, i.e. X
has a discrete subspace D with |D| ≥ λω.
Proof. By a well-known result of Šapirovskiıˇ (see [8] or [7], 2.37), for every open G in X we have c(G) ≥ λ, because
otherwise we had w(G) ≤ πχ(G)c(G) < λ, hence also |G| ≤ 2w(G) < λ as λ is strong limit. But then by a result of
Erdo˝s and Tarski from [5] (see also [7], 4.1) we also have ĉ(G) > λ, i.e. G contains λ many pairwise disjoint open
subsets, because λ is singular.
Now given an open set G ⊂ X and a point x ∈ G let us fix an open neighbourhood V (G, x) = V of x such that
V  G. By the above we may also fix a family U(G, x) of open subsets of G \ V with pairwise disjoint closures and
with |U(G, x)| = λ. This is possible because X is T3.
We next define for all finite sequences s ∈ λ<ω open sets Gs and points xs ∈ Gs by recursion on |s| as follows.
To start with, we set G∅ = X and pick x∅ ∈ G∅ arbitrarily. Once xs ∈ Gs are given, then the sets {G
sα
: α ∈ λ} are
chosen so as to enumerate U(Gs , xs) in a one-to-one manner. Then the points x
sα
∈ G
sα
are chosen arbitrarily.
Let us set D = {xs : s ∈ λ<ω}. Then D is discrete because, by the construction, we clearly have D ∩ V (Gs , xs) =
{xs} for each s ∈ λ<ω. For every ω-sequence f ∈ λω, using the countable compactness of X , we may choose an
accumulation point x f of the set {x f n : n ∈ ω}. Clearly, we have x f ∈ G f n for all n ∈ ω. For f1, f2 ∈ λω with
f1 = f2 then x f1 = x f2 because if n is minimal with f1(n) = f2(n) then
G f1n+1 ∩ G f2n+1 = ∅.
This shows that |D| ≥ λω, hence ĝ(X) > λω, and the proof is completed. 
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As we shall see below, using 1.1(i) and 2.1 one can already prove |X | = g(X) for countably tight compacta, under
the assumption that 2κ < κ+ω for all κ . However, to get the stronger result ĝ(X) = |X |+ for the case when |X | is an
inaccessible cardinal, we shall need the following lemma.
Lemma 2.2. Let κ, λ,µ be cardinals with κ → (λ, µ)2 and X be a T3 space in which there is a left-separated
subspace of cardinality κ (i.e. ẑ(X) > κ). Then either X has a discrete subspace of size λ (i.e. ŝ(X) > λ) or there is
in X a free sequence of length µ (i.e. F̂(X) > µ).
Proof. Let Y ⊂ X be left-separated by the well-ordering ≺ in order-type κ . Then for each y ∈ Y we can fix a closed
neighbourhood Ny such that {z ∈ Y : z ≺ y} ∩ Ny = ∅.
Let us then define the coloring c : [Y ]2 → 2 by the following stipulation: for y, z ∈ Y with y ≺ z we have
c({y, z}) = 0 if and only if z ∈ Ny . By κ → (λ, µ)2 then we either have a 0-homogeneous subset of Y of size
λ or a 1-homogeneous subset of size µ. But clearly, if S ⊂ Y is 0-homogeneous then S is discrete because then
S ∩ Ny = {y} for all y ∈ S, and if S is 1-homogeneous then S is free in X because in this case for any y ∈ S we have
{z ∈ S : z ≺ y} ∩ Ny = ∅ and {x ∈ S : y  x} ⊂ Ny . 
We are now ready to present our main result.
Theorem 2.3. Assume that 2κ < κ+ω holds for all cardinals κ . Then for every countably tight compactum X we have
ĝ(X) = |X |+, i.e. there is a discrete subspace D ⊂ X with |D| = |X |.
Proof. Let us first consider the case in which |X | is a limit cardinal, hence by our assumption a strong limit cardinal.
If |X | is also singular then by a result from [6] (see also [7], 4.2) we have ŝ(X) = |X |+, i.e. there is even a discrete
D ⊂ X with |D| = |X |. If, on the other hand, |X | is regular, hence inaccessible, then we have d(X) = |X | (and
so ẑ(X) = |X |+) because |X | is a strong limit, moreover by a well-known result of partition calculus (see e.g. [4])
we have |X | → (|X |, ω1)2. But obviously in a countably tight compactum there is no free sequence of uncountable
length, hence applying Lemma 2.2 we again obtain a discrete D ⊂ X with |D| = |X |.
So next we may assume that |X | is a successor cardinal: |X | = λ+n where λ is limit and n ∈ ω \ {0}.
Now, if |X | is ω-inaccessible, i.e. for any µ < |X | we have µω < |X |, then by 1.1(i) we must have g(X) = |X |.
But then, g(X) being a successor cardinal, we must also have ĝ(X) = |X |+.
If, on the other hand, |X | is ω-accessible then our assumptions clearly imply c f (λ) = ω and λ < |X | ≤ λω. If
ĥ(X) = |X |+ then by ĥ(X) ≤ ĝ(X) we also have ĝ(X) = |X |+, hence we may assume that ĥ(X) ≤ |X |. Note that, as
we have seen above, X does have a discrete subspace of cardinality λ because λ is a singular strong limit, so trivially
we also have ĥ(X) > λ, consequently ĥ(X) must be a successor cardinal, say µ+ where λ ≤ µ < |X |.
Now let G be the union of all open subsets of X of size at most µ. Then we have |G| ≤ µ as well since otherwise we
could easily produce in X a right separated subset of cardinality µ+ contradicting ĥ(X) = µ+. But then, in the closed
subspace X \ G of X , clearly each non-empty relatively open set has size > µ ≥ λ. By a result of Šapirovskiıˇ (see
[9] or [7], 3.14) every countably tight compactum has countable π-character, hence Lemma 2.1 can be applied to the
space X \G and the cardinal λ. Consequently, we have ĝ(X) ≥ ĝ(X \G) > λω ≥ |X |, and so we may again conclude
that ĝ(X) = |X |+. 
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